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Abstract
Nonlinear modifications of quantum mechanics generically lead to nonlocal effects which vio-
late relativistic causality. We study these effects using the functional Schrodinger equation for
quantum fields and identify a type of nonlocality which causes nearly instantaneous entanglement
of spacelike separated systems. We describe a simple example involving widely separated wave-
packet (coherent) states, showing that nonlinearity in the Schrodinger evolution causes spacelike
entanglement, even in free field theory.
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I. INTRODUCTION
The linear structure of quantum mechanics has deep and important consequences, such
as the behavior of superpositions. One is naturally led to ask whether this linearity is
fundamental, or merely an approximation: Are there nonlinear terms in the Schrodinger
equation?
Nonlinear quantum mechanics has been explored in [1–6]. It has been observed that the
fictitious violation of locality in the Einstein-Podolsky-Rosen (EPR) experiment in conven-
tional linear quantum mechanics might become a true violation due to nonlinear effects [7, 8]
(in [8] signaling between Everett branches is also discussed). This might allow superlumi-
nal communication and violate relativistic causality. These issues have subsequently been
widely discussed [9, 10].
Properties such as locality or causality are difficult to define in non-relativistic quan-
tum mechanics (which often includes, for example, “instantaneous” potentials such as the
Coulomb potential). Therefore, it is natural to adopt the framework of quantum field theory:
Lorentz invariant quantum field theories are known to describe local physics with relativis-
tic causality (influences propagate only within the light cone), making violations of these
properties easier to identify.
In this paper we are interested in fundamental nonlinearity in quantum mechanics, which
is another reason for considering quantum field theory. If the evolution of quantum states is
nonlinear, that should also be the case when the states in question describe quantum fields,
not just individual particles.
II. LOCALITY AND SEPARABILITY
Quantum field theory can be formulated in terms of a wavefunctional Ψ[φ(x), t] where
φ(x) is a time-independent field configuration and t is the time. The functional Schrodinger
equation is then given by
i ∂tΨ[φ, t] = Hˆ Ψ[φ, t] . (2.1)
The Hamiltonian operator Hˆ is a sum of local operators at points x. For example, in scalar
field theory,
Hˆ =
1
2
∫
d3x
(
− δ
2
δφ2(x)
+ |∇φ|2 +m2φ2
)
. (2.2)
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Let Ψ[φ, t] = ψA[φA, t]× ψB[φB, t]× · · · , where φA(x) is a field configuration with support
in the compact region A (i.e., φA(x) is zero for x /∈ A), and similarly for φB. Assume that A
and B are widely separated, and that the remaining factors represented by · · · do not depend
on the field configuration in A or B. This direct product structure implies, in particular,
that there is no entanglement between regions A and B. It is obviously an idealization –
in reality one might expect entanglement which decays exponentially with some correlation
length such as the inverse mass gap. However, by taking A and B far apart we can make
the approximation of no entanglement between them to be arbitrarily precise.
It is easy to show that the Schrodinger equation splits into separate equations governing
ψA and ψB:
i ∂t ψA[φA, t] = HˆA ψA[φA, t] , (2.3)
and similarly for B. The subscript on the Hamiltonian HˆA emphasizes that it only refers to
the part of the spatial integral in (2.2) over region A. The part of the integral over region
B only acts on ψB, etc.
Thus, in the absence of entanglement between A and B, quantum mechanics in each
region can be studied independently of the other. In a relativistic field theory, entanglement
and other influences can propagate no faster than the speed of light, so that if A and B
are widely separated and initially unentangled, they will remain so for a period of time that
depends on the separation.
Now, consider a nonlinear generalization of the Schrodinger equation:
i ∂tΨ =
(
Hˆ + Fˆ (Ψ†,Ψ)
)
Ψ . (2.4)
The nonlinear term Fˆ will generically couple ψA and ψB. Regardless of the distance between
regions A and B, the two initially unentangled states ψA and ψB influence each other’s
evolution, and typically become entangled almost instantaneously. This time evolution is
illustrated in Fig. 1.
One can also understand this from the perturbation theory point of view. Treating Fˆ as
a perturbation, we can expand ψA and ψB as:
ψA = ψ
(0)
A + ψ
(1)
A + · · · ; ψB = ψ(0)B + ψ(1)B + · · · . (2.5)
Keeping the perturbations up to the lowest order, the functional Schrodinger equation be-
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t = 0
A B
Ψ = ψA × ψB
t = 0+
A B
Ψ = Ψ(A, B )
FIG. 1: Time evolution when nonlinearity is present. Ψ(A,B) is generically an entangled state,
whereas Ψ = ψA × ψB is not.
comes
1
ψ
(0)
A
(
i ∂t − Hˆ
)
ψ
(1)
A +
1
ψ
(0)
B
(
i ∂t − Hˆ
)
ψ
(1)
B + Fˆ (ψ
(0)
A , ψ
(0)
B ) = 0 . (2.6)
Unless Fˆ (ψ
(0)
A , ψ
(0)
B ) takes the form Fˆ (ψ
(0)
A , ψ
(0)
B ) = fA(ψ
(0)
A ) + fB(ψ
(0)
B ), ψ
(1)
A will generally
be influenced by ψ
(0)
B and vice versa. That is, the time evolution of ψA depends on ψB
immediately at t = 0+. Subsequently, a measurement of B affects the state of A, implying
entanglement. Equivalently, one can see that a subsequent measurement of B affects the
probability distribution of outcomes for A, implying entanglement. The manner in which
B affects A in (2.6) (and vice versa) is clearly nonlocal and violates relativistic causality.
Similar effects do not arise in ordinary quantum field theory (i.e., assuming linear quantum
dynamics and Lorentz invariance).
III. EXAMPLES OF NONLINEAR TERMS: HOMOGENEOUS AND OTHER-
WISE
Since quantum field theory is simply quantum mechanics of a large number of degrees
of freedom (i.e., the field configurations), the discussions above apply equally well to both
quantum field theory and quantum mechanics of individual particles.
The nonlinear Schrodinger equation was first considered by [1], with the idea of using
the nonlinearity as a possible way to resolve the difficulties associated with the quantum
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measurement theory. A simple example is:
Fˆ (Ψ†,Ψ) = ε |Ψ|2 , (3.1)
which violates separability and hence locality according to our arguments above.
To maintain the separability of the wavefunction for separate systems, it was proposed
in [2] that the nonlinearity should take a logarithmic form such as
Fˆ (Ψ†,Ψ) = b ln |Ψ|2 . (3.2)
Since ln |ψA ψB|2 = ln |ψA|2+ ln |ψB|2, separability is maintained for an initial state which is
factorizable. However, separability fails for superpositions such as identical particle states:
Ψ =
1√
2
(ψA(x1)ψB(x2)± ψA(x2)ψB(x1) ) . (3.3)
Indeed, when the initial state Ψ entangles A andB, the log-nonlinearity causes the dynamical
evolution of the A system to depend on the B system and vice-versa. Technically, this is
somewhat different from the case of non-logarithmic interactions, where initially unentangled
states become immediately entangled regardless of separation, but is nevertheless another
kind of instantaneous action at a distance.
Perhaps the most systematic framework for introducing nonlinearities to quantum me-
chanics was provided by Weinberg [3, 4]. A key aspect of Hilbert space is that for any
arbitrary complex number Z, the wavefunctions ψ and Z ψ represent the same physical
state. It would therefore be desirable for the dynamical evolution (i.e., Schrodinger equa-
tion) to be invariant under this rescaling. Weinberg refers to this property as homogeneity.
However, all of the proposals for nonlinear quantum mechanics suggested by [1, 2] lack
this property. In contrast, Weinberg’s framework respects the homogeneity condition and
Galilean invariance explicitly. The nonlinear Schrodinger equations proposed by [5] and [6]
also satisfy the homogeneity condition, but [5] requires an arbitrary vector potential and [6]
violates Galilean invariance.
A simple example satisfying the homogeneity condition is:
Fˆ (Ψ†,Ψ) =
Ψ† Oˆ1Ψ
Ψ† Oˆ2Ψ
, (3.4)
where Oˆ1 and Oˆ2 are some Hermitian operators. In general, this leads to non-separability
and hence nonlocality. An exception is when both Oˆ1 and Oˆ2 commute with Hˆ . In this
case, the nonlinear terms only cause constant shifts to the Hamiltonian.
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One possibility discussed by Weinberg [4] and by Polchinski [8] occurs if the denominator
in Fˆ is the magnitude squared of the entire wavefunction. If the branch of the wavefunction
occupied by the observer is only a small component of the total (i.e., this might be the case
after many decoherent outcomes are recorded in the memory of that observer, assuming of
course that decoherence continues to operate as usual in the presence of nonlinearity), then
the effect of the nonlinear term is suppressed for that observer, even if at the fundamental
level quantum mechanics is highly nonlinear. In this scenario we do not expect to observe
any nonlinearity so late in the history of the universe.
IV. EXAMPLE: FREE FIELD THEORY
As a specific example, we can consider nonlinear quantum dynamics of free field the-
ory, where the Hamiltonian is diagonal in the Fock basis, and the nonlinear term can be
calculated explicitly. The absence of interactions also eliminates any subtleties associated
with renormalization, at least in the case of linear quantum dynamics. We will find that the
properties of state ψA influence physics in region B and vice-versa, regardless of the distance
between the two regions.
Let ψ
(0)
A and ψ
(0)
B be coherent state wavefunctionals, so the states A andB are semiclassical
(minimum uncertainty) configurations such as wave packets, localized in regions A and B
respectively. (This localization need not be exact; it may hold to exponential accuracy.)
ψ
(0)
A [φA] = 〈φA|aA〉 = eΩ[ aA, φA ] ; ψ(0)B [φB] = 〈φB|aB〉 = eΩ[ aB , φB ] , (4.1)
where 〈φ| is an eigenstate of the field operator φˆ and the coherent state |a〉 is an eigenstate
of the annihilation operator aˆk: aˆk|a〉 = a(k)|a〉. More explicitly, |a〉 has the form
|a〉 = exp
( ∫
d3k a(k) aˆ†k
)
|0〉 , (4.2)
and, for a(k) = aA,B(k), can be interpreted directly as particle states localized in the A,B
regions.
In our notation, aˆk is an (annihilation) operator but a(k) is a complex function of the
momentum k. Each of aA and aB is specified by their Fourier transforms aA,B(k). The full
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expression for Ω[a, φ] can be found in [11]:
Ω[a, φ] = −1
2
∫
d3k a(k) a(−k) e2 i ωk t − 1
2
∫
d3k ωk φ(k)φ(−k)
+
∫
d3k
√
2ωk a(k) e
i ωk t φ(−k) . (4.3)
If aA(x) has its support in region A, and similarly with B, then approximate factorization
for widely-separated coherent states holds: Ψ[φ, t] ≈ ψA[φA, t] × ψB[φB, t] × · · · . Details
of the proof are given in the Appendix. Factorization may not be an exact property, but
holds to exponential accuracy as the regions A and B become widely separated. Particles
cannot be completely localized in A,B without invoking non-analytic functions aA,B(x).
Then Fˆ is a time-dependent function of the two coherent states localized at A and B.
To focus on a reduced subset of the degrees of freedom, consider rescalings: aA → α aA and
aB → β aB. To be definite, we can take Fˆ ∝ |ΨAΨB | to some power. IF factorization
continues to hold, the Schrodinger equation (2.6) has the form
gA(α) + gB(β) = hA(α) hB(β) , (4.4)
where { gA, hA } and { gB, hB } are functions depending only on α and β respectively. This
condition cannot hold for all choices of α and β. Therefore, separability is violated for at
least some states and as a consequence we have nonlocality. The conclusion is the same for
any form of Fˆ except a logarithm, which has the problems discussed previously.
To summarize, we have verified that nonlinear modifications to the evolution of the wave-
functional Ψ[φ, t] lead to nonlocality even for free field theory (e.g., a non-interacting scalar,
or photons in the absence of charged particles). This demonstration is not subject to renor-
malization or related subtleties. We can describe our setup in physical terms. At t = 0 we
have a scalar particle state localized in region A, and another in region B. (These are de-
scribed by the states |aA〉 and |aB〉; see (4.2).) They are completely unentangled. The steps
leading to (4.4) show that nonlinearity in the functional Schrodinger equation generically
leads to entanglement of these previously unentangled, and spacelike separated, particles.
This could of course be recast in terms of an ordinary quantum mechanics description of the
wavefunctions of the individual particles at A and B.
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V. CONCLUSIONS AND DISCUSSIONS
Our results suggest that nonlinearity in quantum mechanics leads to violation of rela-
tivistic causality. We gave a formulation in terms of approximately factorized (unentangled)
wavefunctions describing spacelike separated systems. Nonlinearity creates almost instan-
taneous entanglement of the two systems, no matter how far apart. Perhaps our results are
related to what Weinberg [12] meant when he wrote “... I could not find any way to extend
the nonlinear version of quantum mechanics to theories based on Einstein’s special theory of
relativity ... At least for the present I have given up on the problem: I simply do not know
how to change quantum mechanics by a small amount without wrecking it altogether.”
Finally, it may be interesting to consider nonlinear modification of the Wheeler-DeWitt
equation (i.e., the Schrodinger equation for geometries in quantum gravity). Because there
is no intrinsic notion of locality in quantum gravity, nonlinear modifications might not lead
to catastrophic consequences. However, it seems likely that the nonlinearities would find
their way into quantum mechanics on semiclassical spacetimes, as we have considered here.
In that case, there would be unwelcome violations of locality.
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VII. APPENDIX: PROOF OF APPROXIMATE FACTORIZATION
In this appendix, we will first provide the proof for Ψ[φ ] ≈ ψA[φA ]× ψB[φB ] and then
generalize it to Ψ[φ ] ≈ ψA[φA ]× ψB[φB ]× · · · .
To begin with, we define coherent wave packet states (see, for instance, the discussions
below Eq.(3.57) in [13]) with disjoint support in two widely-separated regions A and B.
These states are constructed using the ordinary creation operators. Let a(k) = aA(k) +
aB(k). In coordinate space, aA(x) and aB(x) are defined to have support only in regions A
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and B respectively. Let
|a〉 = exp
( ∫
d3k ( aA(k) + aB(k) ) aˆ
†
k
)
|0〉
= exp
(∫
d3k aA(k) aˆ
†
k
)
exp
(∫
d3k aB(k) aˆ
†
k
)
|0〉 , (7.1)
which describes a wave packet in region A and another in region B. These wave packets are
created using the usual creation operator aˆ†k.
Now consider
Ψ[φ ] = 〈φ|a〉 = expΩ[ a, φ ] . (7.2)
For convenience (we can relax this assumption later), let φ(k) = φA(k) + φB(k), where, in
coordinate space, φA(x) and φB(x) have support only in regions A and B respectively.
According to (4.3) in the paper, we have
Ω[a, φ] = −1
2
∫
d3k a(k) a(−k) e2 i ωk t − 1
2
∫
d3k ωk φ(k)φ(−k)
+
∫
d3k
√
2ωk a(k) e
i ωk t φ(−k) , (7.3)
where, for simplicity, we have suppressed the time-dependent factors like ei ωk t in the original
equation (or one can think of this as the case with t = 0). Now, study each of the above
integrals separately:
1. Consider
I1 ≡ −1
2
∫
d3k a(k) a(−k)
= −1
2
∫
d3k [ aA(k) aA(−k) + aB(k) aB(−k) + aA(k) aB(−k) + aB(k) aA(−k) ] .
(7.4)
The first two terms in I1 are the normalization factors. The third and the fourth terms are
zero for the following reason:
∫
d3x aA(x) aB(x) =
∫
d3x
∫
d3k
∫
d3p aA(k) e
ik·x aB(p) e
ip·x
=
∫
d3k
∫
d3p aA(k) aB(p) δ
(3)(k+ p)
=
∫
d3k aA(k) aB(−k) . (7.5)
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Since aA(x) and aB(x) have support only in regions A and B respectively, we
have
∫
d3x aA(x) aB(x) = 0 and hence
∫
d3k aA(k) aB(−k) = 0. Similarly,∫
d3k aB(k) aA(−k) = 0. As a result,
I1 = −1
2
∫
d3k aA(k) aA(−k)− 1
2
∫
d3k aB(k) aB(−k) . (7.6)
2. Consider
I2 ≡ −1
2
∫
d3k ωk φ(k)φ(−k)
= −1
2
∫
d3k ωk [φA(k)φA(−k) + φB(k)φB(−k) + φA(k)φB(−k) + φB(k)φA(−k) ] .
(7.7)
Again, the first two terms in I2 are the normalization factors. The third and the fourth terms
approach zero for the following reasons. First of all, we have φA(k) =
∫
d3x φA(x) e
−ik·x.
Suppose that region B is at a distance d from region A, and (for simplicity; this is not
essential) that the shapes of the functions are the same in their respective domains: φB(x) =
φA(x+ d). Then it follows that
φB(k) =
∫
d3x φA(x+ d) e
−ik·x ; |d| = d
= eik·d
∫
d3y φA(y) e
−ik·y
= eik·d φA(k) . (7.8)
(If the functions φA,B(x) differ in their respective domains, we cannot express φB(k) in
terms of φA(k), but the conclusions below still hold; the main point is that the two Fourier
transforms differ by a rapidly varying phase factor.) Consequently,
∫
d3k ωk φA(k)φB(−k) =
∫
d3k ωk φA(k)φA(−k) e−ik·d . (7.9)
Note that the integral over |ωk φA(k)φA(−k) | must exist for reasonable configurations.
For widely-separated regions A and B with d → ∞, we can apply the Riemann-Lebesgue
lemma to conclude that
∫
d3k ωk φA(k)φA(−k) e−ik·d → 0 (exponentially in d). Thus,∫
d3 k ωk φA(k)φB(−k) → 0. Similarly,
∫
d3 k ωk φB(k)φA(−k) → 0. As a result,
I2 ≈ −1
2
∫
d3k ωk φA(k)φA(−k)− 1
2
∫
d3k ωk φB(k)φB(−k) . (7.10)
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3. Consider
I3 ≡
∫
d3k
√
2ωk a(k)φ(−k)
=
∫
d3k
√
2ωk ( aA(k)φA(−k) + aB(k)φB(−k) + aA(k)φB(−k) + aB(k)φA(−k) ) .
(7.11)
Following similar arguments as above, one can show that the mixed terms vanish exponen-
tially with the separation d:
∫
d3 k
√
2ωk a{A,B}(k)φ{B,A}(−k) → 0. As a result,
I3 ≈
∫
d3k
√
2ωk aA(k)φA(−k) +
∫
d3k
√
2ωk aB(k)φB(−k) . (7.12)
Therefore, we have just shown that
Ω[a, φ] ≈ Ω[aA, φA] + Ω[aB, φB] , (7.13)
where
Ω[aA, φA] = −1
2
∫
d3k aA(k) aA(−k)− 1
2
∫
d3k ωk φA(k)φA(−k)
+
∫
d3k
√
2ωk aA(k)φA(−k) , (7.14)
Ω[aB , φB] = −1
2
∫
d3k aB(k) aB(−k)− 1
2
∫
d3k ωk φB(k)φB(−k)
+
∫
d3k
√
2ωk aB(k)φB(−k) . (7.15)
We thus conclude that
Ψ[φ ] = 〈φ|a〉 = eΩ[ a, φ ]
≈ eΩ[ aA, φA ] × eΩ[ aB , φB ]
= ψA[φA ]× ψB[φB ] . (7.16)
So far, our proof has focused on two regions A and B, but it is clear that it can be easily
generalized to any number of widely separated regions. In the most general case, we obtain
Ω[a, φ] ≈ Ω[aA, φA] + Ω[aB, φB] + · · · , (7.17)
where “ · · ·” denotes the dependence of Ψ on any regions outside A and B. Consequently,
we will have
Ψ[φ ] ≈ ψA[φA ]× ψB[φB ]× · · · . (7.18)
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